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Abstract
Let A,B > 0, the positive operators on a Hilbert space. Ando–Hiai inequality (AH) and Furuta inequality
(F) are given as follows:
A,B > 0; AαB  I ⇒ ArαBr  I for r  1, (AH)
and
A  B > 0 ⇒ A−r  1+r
p+r
Bp  B  A. (F)
We show these inequalities imply each other.
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1. Introduction
Throughout this note, A and B are positive operators on a Hilbert space. For convenience, we
denote A  0 (respectively A > 0) if A is a positive (respectively positive invertible) operator.
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The Furuta inequality [5] (cf. [6]) is given as follows:
Furuta inequality: If A  B  0, then for each r  0,
A
p+r
q 
(
A
r
2 BpA
r
2
) 1
q
and
(
B
r
2 ApB
r
2
) 1
q  B
p+r
q (F)
holds for p and q such that p  0 and q  1 with (1 + r)q  p + r .
This extends the Löwner–Heinz inequality;
A  B  0 implies Aα  Bα for any α ∈ [0, 1]. (LH)
We had reformed (F) in terms of the α-power mean (or generalized geometric operator mean)
of A and B which is introduced by Kubo–Ando [14] as follows:
AαB = A 12
(
A−
1
2 BA−
1
2
)α
A
1
2 for 0  α  1.
By using the α-power mean, Furuta inequality [5] (cf. [6]) is given as follows [10] (cf. [2]):
A  B  0 implies A−r 1+r
p+r
Bp  A for p  1 and r  0. (F)
Based on this reformulation, we had proposed a satellite form of (F) [10] (cf. [11]);
A  B  0 implies A−r 1+r
p+r
Bp  B  A for p  1 and r  0. (SF)
In the last note [4], we have given an elementary proof of the following (C) and pointed out that
(C) is the essence of (F) or (SF) (cf. [12,13]).
Theorem A. If A  B  0, then
A−r r
p+r B
p  I (C)
holds for all r  0 and p  0.
We have used (C) as a characterization of chaotic order, that is, log A  log B for A, B > 0
(cf. [3,12,13]). Theorem A is a key of the Furuta inequality (F). That is, the way from Theorem
A to (F) is quite easy by the following lemma.
Lemma. For A, B > 0, if A−r r
p+r B
p  I holds for r  0 and p  0, then A−r 1+r
p+r
Bp  B
for p  1.
Proof. It follows that
A−r 1+r
p+r
Bp =Bpp−1
p+r
A−r = Bpp−1
p
(
Bp p
p+r A
−r)
=Bpp−1
p
(
A−r r
p+r B
p
)
 Bpp−1
p
I = B. 
On the other hand, Ando and Hiai showed the next inequality in [1].
Ando–Hiai inequality: Ando–Hiai [1] (cf. [9]) had shown the following inequality:
For A,B > 0, if AαB  I, then Ar αBr  1 holds for r  1. (AH)
From this relation, they had shown the following inequality (AH0). It is equivalent to the main
result of log majorization and can be given as the following form:
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A−1 1
p
A−
1
2 BpA−
1
2  I implies
A−r 1
p
(
A−
1
2 BpA−
1
2
)r
 I for p  1 and r  1. (AH0)
In [7] and [8, Theorem G, 133p], Furuta had interpolated (AH0) and (F).
2. Ando–Hiai inequalty and Furuta inequality
In this section, we compare Furuta ineqality and Ando–Hiai inequality (cf. [7]). First, we show
Ando–Hiai inequality implies Furuta inequality, which is already remarked in [4].
Theorem 1. Under the assumption (AH), (F) is obtained.
Proof. If A  B > 0, then we have A−1 1
q+1
Bq  B−1 1
q+1
Bq  I for q  0. Put q = p
r
, then
A−1 1
p
r +1
B
p
r  I for r  1. By (AH), we can obtain A−r r
p+r B
p  I . The final step is given by
the above lemma. 
Conversely, we show the Furuta inequality implies the Ando–Hiai inequality.
Theorem 2. Under the assumption (F), (AH) is obtained.
Proof. If AαB  I for 0  α  1, which is equivalent to (A−
1
2 BA− 12 )α  A−1. Let A1 =
A−1, C = A− 12 BA− 12 and B1 = Cα . Then A1  B1 > 0 and by the Furuta inequality, we have
A−r1  1+r
p+r
B
p
1  A1 for r > 0, p  1. Let r =  and p = 1+(1−α)α , then 1+rp+r = α and
A−1 αB
1+(1−α)
α
1  A1,
that is,
AαC
1+(1−α)  A−1.
AαC
1+(1−α) = AαCC−1+(1−α)C
= AαC(C−α1−C−1)C  AαC(A1−C−1)C
= AαCA 12
(
A−
1
2 C−1A−
1
2
)1−
A
1
2 C = AαA− 12 B1+A− 12 .
So we have
A1+αB1+  AαB  I. 
3. An extension of (AH)
Finally, we give an extended form of (AH). As a matter of fact, (AH) is just the case r = s.
Theorem 3. For α ∈ (0, 1) fixed,
AαB  I ⇒ Ar αr
(1−α)s+αr B
s  I for r, s  1.
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Proof. If AαB  I for 0  α  1, it is equivalent to (A−
1
2 BA− 12 )α  A−1. Let C = A− 12 BA− 12
and 0    1.
A1+ α(1+)
(1−α)+α(1+)
B=A 12
(
Aα(1+)
1+α
A−
1
2 BA−
1
2
)
A
1
2
A 12
(
C−α α(1+)
1+α
C
)
A
1
2
=A 12 CαA 12 = AαB  I.
Putting A1 = A1+ and α1 = α(1+)(1−α)+α(1+) ,
A
1+1
1  α1(1+1)
(1−α1)+α1(1+1)
B  A1α1B
holds for 0  1  1 similarly. Repeating this, we have
Ar αr
(1−α)+αr B  AαB  I for r  1. (1)
On the other hand, AαB = B(1−α)A  I is equivalent to (B− 12 AB− 12 )1−α  B−1. Let
D = B− 12 AB− 12 .
A α
(1−α)(1+)+α B
1+ =A α
1+(1−α) B
1+
=B1+ (1−α)(1+)
1+(1−α)
A
=B 12
(
B (1−α)(1+)
1+(1−α)
B−
1
2 AB−
1
2
)
B
1
2
B 12
(
D−(1−α) (1−α)(1+)
1+(1−α)
D
)
B
1
2
=B 12 D(1−α)B 12 = B1−αA = AαB  I.
Similar to (1), putting B1 = B1+1 and α = α(1−α)(1+)+α , we have
A α1
(1−α1)(1+1)+α1
B
1+1
1  Aα1B1 for 0  1  1.
Iterating this methods, we have
A α
(1−α)s+α B
s  AαB  I for s  1. (2)
Let A1 = Ar , α1 = αr(1−α)+αr , then by (2)
A1 α1
(1−α1)s+α1
Bs  A1α1B  AαB  I.
Since α1
(1−α1)s+α1 = αr(1−α)s+αr , we have the conclusion. 
References
[1] T. Ando, F. Hiai, Log majorization and complementary Golden–Thompson type inequality, Linear Algebra Appl.
197 (1994) 113–131.
[2] M. Fujii, Furuta’s inequality and its mean theoretic approach, J. Operator Theory 23 (1990) 67–72.
[3] M. Fujii, T. Furuta, E. Kamei, Furuta’s inequality and its application to Ando’s theorem, Linear Algebra Appl. 179
(1993) 161–169.
M. Fujii, E. Kamei / Linear Algebra and its Applications 416 (2006) 541–545 545
[4] M. Fujii, E. Kamei, R. Nakamoto, An analysis on the internal structure of the celebrated Furuta inequality, preprint.
[5] T. Furuta, A  B  0 assures (BrApBr )1/q  B(p+2r)/q for r  0, p  0, q  1 with (1 + 2r)q  p + 2r ,Proc.
Amer. Math. Soc. 101 (1987) 85–88.
[6] T. Furuta, Elementary proof of an order preserving inequality, Proc. Jpn. Acad. 65 (1989) 126.
[7] T. Furuta, Extension of the Furuta inequality and Ando–Hiai log-majorization, Linear Algebra Appl. 219 (1995)
139–155.
[8] T. Furuta, Invitatin to Linear Operators, Taylor & Francis, London, New York, 2001.
[9] F. Hiai, Log-majorizations and norm inequalities for exponential operators, Linear Operators Banach Center
Publications, 1997.
[10] E. Kamei, A satellite to Furuta’s inequality, Math. Japon. 33 (1988) 883–886.
[11] E. Kamei, Parametrization of the Furuta inequality, Math. Japon. 49 (1999) 65–71.
[12] E. Kamei, Chaotic order and Furuta inequality, Sci. Math. Japon. 53 (2001) 221–225.
[13] E. Kamei, M. Nakamura, Remark on chaotic Furuta inequality, Sci. Math. Japon. 53 (2001) 535–539.
[14] F. Kubo, T. Ando, Means of positive linear operators, Math. Ann. 246 (1980) 205–224.
